Small cracks in soft solids grow differently to large ones. However, despite being commonplace, their growth is still not well understood. Here, we use a phase-separation technique in stretched elastic solids to controllably nucleate and grow small, nascent cracks. These grow in a scale-free manner, without a tip. Thus, bond breakage is not localized, but distributed around the entire surface. Our results suggest that the classic concept of fracture energy is irrelevant at these scales, where a crack is of a similar size to its process zone. In this new regime, small cracks appear to grow at constant driving pressure. These results have broad implications for understanding and controlling failure in soft solids.
Small cracks in soft solids grow differently to large ones. However, despite being commonplace, their growth is still not well understood. Here, we use a phase-separation technique in stretched elastic solids to controllably nucleate and grow small, nascent cracks. These grow in a scale-free manner, without a tip. Thus, bond breakage is not localized, but distributed around the entire surface. Our results suggest that the classic concept of fracture energy is irrelevant at these scales, where a crack is of a similar size to its process zone. In this new regime, small cracks appear to grow at constant driving pressure. These results have broad implications for understanding and controlling failure in soft solids.
Every crack starts small. Thus, the nucleation and growth of nascent cracks is critical to a wide variety of processes. This is especially true in soft materials, where microscopic flaw growth underpins general failure [1] [2] [3] [4] , fatigue [5] and flaw sensitivity [6] , and is crucial for processes that involve cavitation -such as the failure of adhesives [1, 7, 8] , the growth of blunted crack tips [9] , cavitation rheology [10, 11] , and cavitation and damage in soft, biological materials [11] [12] [13] . However, small, nascent cracks can behave very differently from classical linear-elastic fracture mechanics (LEFM) behavior. For example, they typically expand as a rounded cavity (e.g. [14] [15] [16] [17] [18] ). This growth is highly nonlinear [9] and thus very complex -even to the extent that it is still not clear how much of cavity growth is due to an elastic cavitation instability, and how much due to bond breakage [4, [19] [20] [21] . Thus there is still an compelling need for the development of small-scale fracture mechanics.
There are two key competing length-scales that control slow crack-growth behavior, and set what makes a 'small' crack. The first, L n , is the size of the region around a crack tip where large, nonlinear strains occur. The second is the size of the process zone, L p , the region around a crack tip where damage occurs. When a test specimen and crack size are much bigger than both of these, typically LEFM works well. However, when specimen and crack are comparable to, or smaller than L n or L p , then crack behavior can be significantly different. The sizes of L n and L p depend on the material properties, such as Young's modulus (E), yield stress (σ y -the characteristic stress at which inelastic behavior occurs), and fracture energy (Γ). In particular, estimates from linear elasticity show that L n ∼ Γ/E, and L p ∼ ΓE/σ 2 y (e.g. [18] ). A crack's behavior depends strongly on which of L n and L p is larger. When L p > L n (or E σ y ) there is a large process zone of size L p that forms around the crack tip, with little non-linear elastic deformations. When L n > L p (or E σ y ), there are large nonlinear deformations at the Schematic pictures showing how we grow droplets by phase separation in silicone gels. Gels are submerged at 40 • C in fluorinated oil for several hours, allowing the fluorinated oil to saturate the gel. Upon slow cooling to room temperature, fluorinated-oil droplets appear. C) A droplet growing in unstretched silicone with E =280kPa, from [22] . D,E) When a silicone gel is held with a constant, uniaxial stretch during the phase separation process, droplets grow as ellipsoids. F) A typical crack at the point of failure in a pure-shear test for a silicone gel sample with E = 333kPa.
crack tip, which can 'elastically blunt' the crack [9] . In this case, Hui et al. [9] have suggested that the crack behaves as if it has an effective process zone of size ∼ Γ/E. Thus combining these two cases gives a simple picture of a general crack tip having an effective process zone of size L ∼ max(Γ/E, ΓE/σ 2 y ). To understand small-scale crack nucleation and failure in soft materials, we need to know what happens for crack growth below L. Unfortunately though, L is typically microscopic [18] , so controllably creating cracks below this size is difficult to achieve. Furthermore, cracks and cavities typically grow rapidly at the onset of growth as they go through failure or cavitation instabilities (e.g. [4, 23] Thus they can be tricky to image, and viscoelastic effects often dominate. To further compound the difficulty, cracks introduced at the edge of samples, or cavities inflated by needles embedded in a sample have complexities introduced by boundary effects, which make comparison with theory difficult. Thus, much of our understanding has been informed by theoretical models of idealized geometries and numerical simulations, which necessarily make assumptions about the constitutive, and failure properties of materials.
Here, we use a recently-developed technique for growing liquid droplets inside soft materials by phase separation [22] to systematically study small-scale crack growth. This allows us to controllably grow and shrink droplets inside soft materials. These appear very different to macroscopic cracks, however we show that they are indeed cracks with size L that grow in a scale-free fashion without the localization of bond breakage to a welldefined tip (note that we use the word 'crack' here to refer to an inclusion that grows by breaking bonds in the surrounding material). Furthermore, our results suggest that crack growth in this regime is independent of the material's fracture energy, and occurs at a constant driving stress -in contrast to the case for large cracks. This has important implications for 'soft' crack nucleation and growth processes [18] .
RESULTS
We grew liquid inclusions in the silicone samples using a phase-separation technique [22] , shown schematically in Figure 1 (a-b). Silicone gel samples of different stiffnesses (see Materials and Methods) were immersed in a fluorinated oil (Fluorinert FC770, Fluorochem) that is partially soluble (∼ 5% [22] ) in silicone. These were then incubated at 40 • C for several hours to allow sample saturation. Upon slow cooling to room temperature (23 • C), phase separation occurs, causing nucleation and growth of fluorinated oil droplets within the silicone gel over a timescale of tens of minutes. The droplets have an internal excess pressure, P = (ρ l RT /M ) ln(1 + s) driven by supersaturation of the dissolved fluorinated oil, that pushes open the silicone-gel network allowing them to grow [22] . Here ρ l and M are the density and molar mass of the droplet phase respectively, R is the gas constant, T is temperature, and s is the relative supersaturation of the droplet phase in the gel around a droplet. Depending on various parameters (chiefly E and the cooling rate), these droplets can grow as large as several tens of micrometers in radius [22] . Thus for all our gels, Γ/E ≤ L is much larger than all the inclusions that we observe (see Table I ). The droplets are stable until evaporation of the oil from the edges of the sample eventually causes them to shrink and disappear.
Droplets always grow with smooth-looking sides, which Droplet growth in different stiffness samples with different applied strains all grow in a scale-free way. Each color hue is one set of growth conditions. The different colors correspond to different droplets. Further examples are given in the Supplementary Information. C) Aspect ratio of growing droplets increases approximately linearly with stretch for growing droplets. The dashed lines are lines of best fit, assuming that droplets are circular when there is no applied strain ( [22] ). For all plots we include the predicted shape evolution of droplets from Eshelby theory, and for a volume of solid material that stretches with the surrounding solid.
suggests at first glance that growth is caused by elastic cavitation. However, in fact there is also bond breakage around the droplet. We visualize this by imaging the shapes of droplets growing in an asymmetric system. Droplets growing in stress-free gels are always spherical in this size regime (see Figure 1c and [22] ). However if we pre-stretch the sample with a uniaxial strain x , and this stretch is held constant during the entire incubation, nucleation and growth process, ellipsoidal droplets form with their long axis parallel to the stretch direction ( Figure 1 [d,e]). As described below, examining the hysteresis in droplet shape under growth and shrinkage then gives us a lot of information about the growth process, and in particular about the presence of bond breakage.
Droplet growth is self-similar
For all our experiments, droplets grow with a fixed shape, as demonstrated in Figure 2 (a,b). These show the shape evolution of droplets in experiments with two different combinations of sample stiffness and stretch. For each plot we show the shape evolution of multiple droplets -each represented by a series of points with a different color -by plotting length, l, and width, w during growth. All of the droplets maintain the same aspect ratio, α = l/w as they grow. For each E and x , we can thus characterize growth by the average value of α.
We see that there is a strong, approximately linear correlation between α and x , with samples that are the most stretched having the most elongated droplets (Figure 2c ). Aspect ratio also varies with stiffness: for example, droplets growing in the stiffest sample, E = 800kPa, remain much more spherical than droplets in the two softer samples at the same stretch. The two softer samples show approximately the same behavior with stretch. This suggests that the shape of the droplets is controlled by material parameters beyond the simple linear-elastic modulus (i.e. either nonlinear elastic properties, or properties describing how the material fails).
Droplet growth is a fracture process
We confirm that droplet growth is not a simple elastic process by comparing measured values of α to simple elasticity theory. For example, Eshelby's theory of inclusions [24] predicts that an initially-spherical, incompressible, liquid inclusion, embedded in a linear-elastic solid, will deform as α = (6 + 10 x )/(6 − 5 x ). However, it dramatically over-predicts measured values (Figure 2) . Indeed, droplets actually appear 'stiffer' than the silicone gel: if we take a uniform piece of material and apply a uniaxial stretch, then its aspect ratio will change to α = (1 + x )/(1 − x /2). However the measured value of α is even smaller than this ( Figure 2 ). This again suggests that either there is significant nonlinear elastic stiffening around growing droplets, or that there is bond breaking that allows droplets to expand in the direction perpendicular to the applied stretch. One alternative explanation is that there is a significant surface tension, Υ, of the droplet interface. However, we expect this to be negligible, as solid capillarity should only play a role when the droplet size is comparable, or smaller than Υ/E [25, 26] . We estimate Υ =4.4mN/m by using the surface tension of uncured polymer chains against the fluorinated-oil, as measured with the pendant droplet method (e.g. [27] ). Thus we see that Υ/E is much smaller than all the droplets observed (see Table  I ).
We rule out purely elastic nonlinear processes by examining the irreversibility of droplet growth and shrinkage in a stretched sample. The images in Figure 3a show the typical evolution of the shape of a droplet with E = 333kPa and x = 60% (see also the Supplementary videos). This is also characterized in the inset in terms of its length, l, and width, w. This is irreversible: the droplet is more elongated as it shrinks than it was when it grows, indicating that bond-breakage occurs during the growth process. Furthermore, the elongated shape comes from a slower closure of the droplet in the stretch direction than in the perpendicular direction. This is consistent with bond breakage preferentially occurring along the long sides of the droplets.
Note that we can rule out rate-dependence due to processes like viscoelasticity. Droplet growth and shrinkage are rather slow in our experiments, taking place over timescales of minutes to hours. The viscoelastic relaxation timescale, τ r in similar, less cross-linked silicone gels with E = 5kPa is approximately a tenth of a second [28] . τ r typically reduces significantly with increased cross-link density [29] , so for our gels, we expect all viscoelastic relaxation to happen at sub-second timescales. Furthermore, in our previous work, we found that droplet characteristics were independent of cooling rate at the slow rates of O(1 • C/min) in our experiments [22] .
We confirm that this is a fracture process, rather than an elastic one, by observing that droplet behavior appears to have no memory of its initial cavity size. Droplets grow from random nucleation cavities that are likely to have a range of sizes. However, if this is a fracture process, then the initial cavity size will be forgotten due to material damage, and droplet behavior should only depend on the largest size that it has attained. In Figure 3a , we plot data showing the growth and shrinkage of several droplets with different maximum sizes (see also the Supplementary Video), all with x = 60%, and E = 333kPa. The shapes always have the same, distinctively-shaped hysteresis loop: when we scale the droplet shape by its dimensions at its maximum size, w max and l max , all the data collapses onto a single trajectory ( Figure 3b ). Thus droplet behavior indeed seems to depend only on its largest attained size, confirming that extensive damage is occurring. Note that this is perhaps not surprising, as the polymer mesh size of the gel is O(10nm) (e.g. [30] ), so cavities are expected to enlarge by a few orders of magnitude during growth (e.g. [31] ).
Although droplets appear to grow by a fracture mechanism, they differ from classical fracture in that bondbreakage appears to be evenly distributed near their surface, rather than being localized to a crack tip (e.g. Figure 1e ). In the latter case, we would expect the growing droplet to deflate like a sharp penny-shaped crack (e.g. [14] ). However, we do not observe this, as demonstrated in Figure 3 . The first image in Figure 3c shows a typical, fully-grown droplet in a stretched sample. After droplets have finished growing, the sample is cut to release stress and we observe droplet shrinkage, as shown in the subsequent images. This demonstrates how relaxing droplets remain approximately (though not completely) spherical, instead of relaxing to a penny shape. Thus instead of localized small-scale damage, crack growth here is consistent with a process zone that is comparable to the size FIG. 3. A) Length, l, and width, w of droplets as they grow and shrink in silicone with E = 333kPa and x = 60%. Shrinkage is driven by evaporation of fluorinated oil from the sides of the sample (see schematic in B). Different colors correspond to different droplets, and the inset and images correspond to one typical droplet. B) When l and w are rescaled by the maximum size that a droplet grows to (lmax, wmax), all the tracks collapses into a single hysteresis curve. C) Top: a fully-grown droplet in a stretched silicone. Bottom: The sample is cut to remove the stretch, and a droplet is imaged as it shrinks. This is almost round, indicating the lack of a well-defined crack tip. All scale bars are 20µm.
of the droplet.
Young's Fracture Elasto-adhesive Elasto-capillary modulus energy length length E (kPa) Γ (J/m 2 ) Γ/E (µm) Υ/ E (nm)  71  21  300  62  333  34  102  13  800  58  73  5.5   TABLE I . Measured material properties for the different stiffness silicone gels. Υ is taken as 4.4mN/m, the surface tension of uncured silicone against fluorinated oil.
DISCUSSION
The experiments show several key features: i) fractures smaller than L grow in a self-similar manner, ii) damage around the growing cracks appears to be distributed around the cracks surface (rather than localized at a crack tip), and iii) cracks appear to grow as smoothwalled ellipsoids. Self-similar growth is actually rather unusual, because growing fractures do not normally have a constant aspect ratio. For example, from LEFM, an inflated penny-shaped crack will grow when the internal pressure P ∼ ΓE/w (e.g. [14] ). Furthermore, P ∼ El/w [32] . Thus, l/w ∼ Γ/wE and cracks will elongate strongly as they grow (with an aspect ratio that depends on the ratio between w and the elasto-adhesive length, Γ/E). So there are several important questions to be addressed. What causes the scale-free behavior? When will this type of growth occur? What are the implications for crack nucleation and growth in soft materials?
Crack growth is independent of Γ In our experiments, the new behavior seems to be related to the fact that cracks are no longer much larger than the process zone at their growing tip where damage occurs (∼ L for large cracks). So what now controls crack growth?
In fact, in this case, it no longer makes sense to use Γ as a material parameter. Γ represents the energy dissipated in a process zone of size ∼ L as a macroscopic crack extends (e.g. [18, 21] ). However, our droplets (and their corresponding process zone) are much smaller than L. Thus the effective fracture energy required to grow a crack should be significantly reduced.
Indeed, we can show that self-similar growth is independent of Γ by a simple dimensional analysis. From our data, the aspect ratio of a growing inclusion is independent of both its current size, and the initial size of the cavity that it grew from. Thus it can only depend on Γ, x and the material properties of the silicone like E, Poisson ratio, ν, and yield stress σ y : α = f (Γ, x , E, ν, σ y ...).
(1)
FIG. 4. A) Results of a simple numerical model of crack
growth. An inclusion is embedded inside an incompressible neo-Hookean solid with initial modulus E. The inclusion is then inflated to a pressure Pc (fixed by the yield stress of the solid) and the solid is stretched with strain x. For a fixed Pc/E, the aspect ratio essentially is a linear function of
x. The green curve shows a fit to the data for E = 71kPa (green circles) from Figure 2c . The inset images show typical droplets at different stretch conditions. The shapes of these droplets are in excellent agreement with the predictions of the fitted model. B) A schematic of the suggested dependence of critical pressure for crack growth, Pc on crack size, w. For small cracks (black), there is a scale-free regime with Pc constant. For large cracks (blue), we recover linear-elastic fracture mechanics. The cross-over between scale-free and large-crack regimes should occur when the size of the process zone is comparable to the size of the crack. Schematic figures of cracks correspond to cracks being inflated with pressure Pc in an isotropic material. However, we expect a similar regime diagram describing crack growth for a material with pre-stretch, or for uniaxially stretched samples with no inflation pressure.
However, all the constitutive material properties (such as elastic moduli and maximum tensile stress before failure) of the silicone are either dimensionless, or have units of pressure, while Γ has units of pressure × length. Thus, there is no way that we can combine the parameters to allow α to depend on Γ in a dimensionally consistent way.
Distributed damage rather than localized fracture
If crack growth is independent of Γ, dimensional analysis further shows that cracks will grow by stresscontrolled, distributed damage. This can be seen by noting that if behavior is Γ-independent, there are no natural length-scales in the system (e.g. Γ/E or Γ/σ y ), and so growth must be self-similar. In particular, the stress field must take the form σ = σ(r/w, x , E, ν, σ y ...), where r represents position relative to the center of the droplet. Thus, the process zone must grow along with the droplet (e.g. Figure 4 ), and the stress field around the droplet must be self-similar. Furthermore, both the pressure inside the droplet, and the maximum stress in the material surrounding a droplet are also constant during growth, suggesting that this is controlled by distributed damage at a fixed yield stress. This distributed damage picture is supported by a finite-element model of our experiments, which reproduces the growth behavior seen in Figure 2 . We make a simplified model, by noting that the stresses around a growing droplet comes from two sources: isotropic inflation of the droplet, and the applied stretch. If σ y E, then the hoop stresses around an inflating droplet at the point at which damage sets in will be much larger than the stresses due to stretching. Thus stretching will be a small perturbation to inflation, and we expect damage to mainly occur in response to inflation -i.e. at a constant pressure P c , independent of x , that is determined by the material's yield stress. Thus we approximate the system as a cavity inflated to a constant pressure P c inside a stretched solid with far-field strain x (see Figure  4a ). We modeled this for two different material types: an incompressible neo-Hookean elastomer with initial elastic modulus E, and a Yeoh 3-parameter model (which models softening behavior due to damage or plasticity). In both cases, an initial droplet of radius R 0 is embedded in a volume of solid 100 times larger than R 0 . The axisymmetric finite-element model is then solved using the commercial ABAQUS software (note that due to symmetry, only a quarter of the domain is modeled).
For both materials there is good qualitative agreement with our experiments. Our results show that spherical cavities deform into spheroids as x increases. However what is particularly interesting is that, despite large deformation, the computed aspect ratios of these spheroids are found to be almost exactly proportional to x when P c /E is held fixed, consistent with the observation in Figure 2c . The results for the neo-Hookean material are shown in Figure 4 , while similar results for the Yeoh material are given in the Supplementary Information. This qualitative agreement indicates that the growth process indeed occurs at a constant inflation pressure P c .
Furthermore, we can fit the experimental data in Figure 2c to a given value of P c /E. For example, using the neo-Hookean model, we find P c /E = 0.46 ± 0.07 matches the E = 71kPa data (see the green curve in Figure 4a ), and P c /E = 0.32 ± 0.08 matches the E = 333kPa data. The cavity shapes predicted by the fitted model are in excellent agreement with our observations, as demonstrated by the yellow dashed curves superimposed on the images in Figure 4a .
Interestingly, the fitted values of P c /E are well below the long-established cavitation threshold for incompressible neo-Hookean solids of P c /E = 5/6 (e.g. [1, 10, 20, 23, 33] ). This further supports the fact that P c is set by damage, and this is not an elastic cavitation phenomenon. It also suggests that it may be possible to use shape data from the experiments to extract information about material damage behavior (by extracting P c and relating this to σ y ).
Crack growth at constant pressure
Self-similar crack growth at a constant pressure that is independent of Γ not only explains our observations, but also has two important implications. Firstly, it explains the surprising lack of Ostwald ripening in our experiments. We observe that fully-grown droplets of different sizes appear to be very stable, even when in close proximity to each other [22] . This suggests that there is no pressure difference between inclusions that would drive ripening.
Secondly, this suggests a new regime of crack behavior at small length-scales, as shown in Figure 4b . If we plot up the critical pressure for crack growth (or similarly the critical tensile stress to grow a crack, σ c ), then for large cracks with w L, this will follow classical LEFM with P c ∼ ΓE/w. However, at a certain length-scale L c , this should cross over to a scale-free crack growth regime with P c constant. For consistency between the two regimes, P c ∼ ΓE/L c . Note that the schematic diagrams in Figure 4 illustrate the expected behavior for unstretched cracks that grow only due to an internal pressure. Note also that such a regime diagram is completely consistent with observations of 'flaw-insensitive' rupture in soft materials, where samples containing flaws below a critical size are known to rupture at a constant stress [6] .
It seems natural to expect that the crossover lengthscale is the effective size of the process zone, L. Thus for soft materials with L ∼ Γ/E [9, 18] , we find that P c ∼ E. In other words microscopic cracks smaller than O(Γ/E) will all grow as soon as they are exposed to a critical inflation pressure (or tensile stress) E, consistent with our numerical simulations. As mentioned above, this is similar to the condition found for elastic cavitation, and for the growth of cracks in nonlinear-elastic solids [6, 14] . Thus it would not be easy to distinguish between these phenomena by only observing the stresses required to get voids forming in unstressed, bulk samples (e.g. [1] ). Interestingly, this different mechanism for crack growth could explain some of the differences between experiments and theory when measuring the critical stresses for cavitation to occur. CONCLUSIONS We have shown that small cracks in silicone gels of a range of stiffnesses grow in a scale-free way. We suggest that this behavior occurs when a crack is smaller than the process-zone size of a macroscopic crack in the same material -provided effects due to the surface tension of the material are negligible. Our data suggest that, in this regime, crack growth is due to distributed damage of the material around the entire surface of the crack. Thus, the process is different from the classical energy-balance picture [34, 35] , and instead requires a knowledge of the resulting damage all around the crack.
We have shown that self-similar cracks should grow at a constant value of the inflating pressure (or applied stress). Interestingly, this is consistent with experimental observations of the onset of void growth in soft polymers (e.g. [1] ), but our proposed mechanism is very different to the typically-invoked theory of elastic cavitation. We have also seen that small-scale cracks are difficult to distinguish visually from growing elastic cavities. Thus, many processes that are thought of as elastic cavitation may actually be controlled by damage processes like that here, and it could be possible to extend cavitation techniques [10] to access hard-to-measure material properties like the yield stress. We also anticipate that such properties could be extracted from observations of crack shapes during growth and shrinkage, such as the surprisingly linear slope of data in Figure 2b .
The mechanism we describe gives an appealingly simple explanation of the experimental observations. However it also opens up many interesting directions for future work, including fundamental questions about the behavior of small flaws in soft materials. For example, we hope that future studies will be able to use experimental techniques such as the recently developed methods for imaging the evolution of a process zone around small flaws (e.g. [36, 37] ), and further numerical simulations including damage modelling, in order to understand smallscale crack growth (e.g. [36, 37] ). In particular, it will be important to develop new experimental and computational methods capable of probing the transition from scale-free growth to classical crack propagation.
MATERIALS AND METHODS
Our silicone gels consisted of a mixture of vinylterminated, silicone polymer chains (DMS-V31, Gelest) cross-linked with a methylhydrosiloxane-dimethylsiloxane copolymer (HMS-301, Gelest) with ratios of 69:1, 49:1 and 39:1 by mass. Respectively, these had E = 71, 333 and 800kPa. Cross-linking was achieved by mixing in a small amount of Karstedt's catalyst (SIP6831.2, Gelest) -approximately 0.01% of the total mass of the sample. Once mixed, degassed, and poured into moulds, samples were kept at 40 • C for 24 hours to ensure complete cross-linking.
We characterized their mechanical properties E and Γ using indentation and fracture tests, with the results as given in Table I . We measured E by indenting bulk gel samples (at least 10mm in depth) with a 1mm-radius, cylindrical indenter on a texture analyser with a 500g load cell (TA.XTPlus, Stable Microsystems). The initial slope of the force-indentation curve gives us E/(1 − ν 2 ), where ν is the Poisson ratio (e.g. [25] ). Then assuming sample incompressibility, so that ν = 1/2 (a good assumption for soft gels and elastomers [38] ), we obtain E.
We measured Γ using the pure-shear test proposed by Rivlin and Thomas [39, 40] . 100mm wide, 2mm-thick sheets of silicone gel were clamped between two long, straight clamps, with a distance of 20mm between the clamps (see Figure 1a ). We measured the loading behavior of un-notched sheets, and sheets with an approximately 40mm long, seed crack, razor-cut from the sample edge along its centre-line. By observing the point at which the crack started to extend, we calculate Γ using the procedure described in [2] .
Unfortunately, it is not easy to measure σ y , as bulk test samples will typically fail (due to the growth of flaws) before the actual yield stress is reached. However all the silicone samples could be stretched by at least 50% before breaking, suggesting that σ y E.
